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We compute the nonlinear memory contributions to the gravitational-wave amplitudes for compact
binaries in eccentric orbits at the third post-Newtonian (3PN) order in general relativity. These
contributions are hereditary in nature as they are sourced by gravitational waves emitted during the
binary’s entire dynamical past. Combining these with already available instantaneous and tail contributions,
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I. INTRODUCTION
The observation of the first gravitational-wave (GW)
signal by LIGO and Virgo opened up the new field of
gravitational-wave astronomy [1–4]. So far, ten confirmed
binary black hole mergers and one binary neutron star
coalescence have been reported [5–10]. KAGRA [11] is
expected to join the global network of detectors later this
year, followed by LIGO-India in 2025 [12], leading to
improved parameter estimation and source localization.
These ground-based detectors are sensitive to the deca-
hertz–kilohertz frequency of the GW spectrum. In the
future, the space-based detector LISA [13] will probe
lower frequencies (around the millihertz range), and pulsar
timing arrays (PTAs) may measure ultralow (nanohertz)
frequency GWs [14].
Currently (and this will most probably not change in the
future), compact binaries are the most important sources of
observable GW signals. The events detected so far have all
been found using circular templates. However, we know
that binaries with substantial eccentricity exist, e.g., the
Hulse-Taylor binary with an eccentricity of e ∼ 0.6 [15].
Nonetheless, at the time this binary enters the detection
band of ground-based GW detectors, it will have circular-
ized to a negligible e ∼ 10−5 and not be distinguishable
from a circular binary with current detector sensitivity [16–
18]. In particular, in globular clusters and galactic nuclei
there are expected to be binaries with non-negligible
eccentricity (e > 0.1) emitting detectable GWs [19–24].
Hence, the detection of GWs from eccentric compact
binaries could provide important information on compact
object populations in globular clusters and galactic
nuclei [25].
As soon as LISA is operational, it will be able to
observe compact binaries in our galaxy emitting GWs of
much lower frequency. At this point they still are expected
to have moderate eccentricities [26,27]. On the other
hand, LISA should be able to detect supermassive black
hole binaries forming in the aftermath of galaxy mergers.
Notably, triple-induced coalescences are expected to have
large eccentricities that remain significant until merger
[28–32].
The above anticipated prospects of future GW observa-
tions have motivated the development of eccentric wave-
form models. In the inspiraling phase one usually uses the
post-Newtonian (PN) formalism to model the dynamics
of the binary. This introduces three distinct time scales.
The first two, the orbital and periastron precession time
scales, are associated with the conservative dynamics and
commonly described by the quasi-Keplerian parametriza-
tion [33,34]. The third time scale appears when the
dissipative radiation-reaction effects are taken into account
[35,36]. Several waveform models have been built using
this description of a binary [18,37–46]. In general, the far-
zone gravitational radiation field receives instantaneous and
hereditary contributions. The instantaneous part is deter-
mined by the state of its source at a given retarded time,
while the hereditary part depends on the entire dynamical
history of the source. In particular, the latter contains tail
and memory pieces.
In this work, we concentrate on the memory contribu-
tions to the waveform from eccentric binaries. Normally we
think of gravitational waves as oscillatory perturbations
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propagating on the background metric at the speed of light.
However, all GW sources are subject to the so-called
gravitational-wave memory effect, which manifests in a
difference of the observed GW amplitudes at late and early
times:
Δhmem ¼ lim
t→þ∞hðtÞ − limt→−∞hðtÞ: ð1Þ
In an ideal, freely falling GW detector the GW memory
causes a permanent displacement after the GW has passed.
There are two main types of GW memory. The linear
memory [47] originates from a net change in the time
derivatives of the source multipole moments between early
and late times, present mainly in unbound (e.g., hyperbolic
binary) systems. For bound systems the linear memory is
negligible, as long as the components were formed,
captured, or underwent mass loss long before the GW-
driven regime. The nonlinear memory, also called the
“Christodoulou memory” [48–52], is a phenomenon
directly related to the nonlinearity of general relativity. It
arises from GWs sourced by previously emitted GWs.
Since the nonlinear memory is not produced directly by
the source but rather by its radiation, it is present in all
sources of GWs. From a more theoretical perspective, the
memory effect and its variants can be interpreted in terms
of conserved charges at null infinity and “soft theorems”
[53,54]. Several methods to look for the memory effect
have been devised. PTAs would observe a sudden change in
the pulse frequency of a pulsar [55–58] and ground-based
detectors like LIGO—although not sensitive enough to the
memory of a single event—could allow for a detection from
the accumulation of several events. [59–61].
For circular binaries, the nonlinear, nonoscillatory
memory contributions to the waveform were computed
at the 3PN order in Ref. [62]. Regarding eccentric binaries,
the leading-order zero-frequency or the so-called direct
current (DC) memory terms were obtained in Ref. [63]. In
this paper, we extend these computations to the 3PN level
by computing all terms coming from the memory contri-
bution to the radiative mass multipoles. Note that this yields
not only the “genuine” DC memory, but also oscillatory
contributions. In the circular limit, the latter have been
computed in Ref. [64]. Due to complicated hereditary
integrals, we calculate the memory contributions within
a small-eccentricity expansion. We present all of our results
in modified harmonic (MH) gauge in terms of the post-
Newtonian parameter x ¼ ðGmω¯=c3Þ2=3 and the eccentric-
ity e ¼ e¯t, with ω¯ ¼ ð1þ k¯Þn¯ being the orbital frequency
and n¯ ¼ 2π=P the mean motion. With the instantaneous
contributions already available [65], and the tail and post-
adiabatic contributions computed in a companion paper
[66]—hereafter called Paper I—this work aims to complete
the knowledge of the 3PN waveform valid during the early
inspiral of eccentric binary systems.
This paper is structured as follows. In Sec. II we discuss
how the nonlinear memory arises from the gravitational-
wave energy flux and how it can be computed by
integrating this flux over the binary’s past history. In
Sec. III we explicitly evaluate the past-history integrals,
which lead to two types of memory terms—DC memory
and oscillatory memory—that are discussed separately
in Secs. III B and III C. We next combine our results with
the already available instantaneous and tail contributions
and discuss the full 3PN waveform in Sec. IV. In Sec. V we
give a brief summary and conclude our work. Most
expressions in this paper are presented only to leading
order in eccentricity for convenience, though we provide
the complete results to Oðe6Þ in a supplemental Mathematica
notebook [67].
II. PREREQUISITES
A.Memory contribution to the mass multipole moments
Here we briefly state the essentials of the memory
calculation. The conventions and notations used are the
same as those outlined in Sec. II of Paper I.
The gravitational waveform polarizations can be
uniquely decomposed into the spherical harmonic modes
hlm via
hþ − ih× ¼
X∞
l¼2
Xl
m¼−l
hlmYlm−2 ðΘ;ΦÞ; ð2Þ
where the basis is formed by the spin-weighted spherical
harmonics Ylm−2 ðΘ;ΦÞ and the amplitude modes
hlm ¼ − Gﬃﬃﬃ
2
p
Rclþ2

Ulm −
i
c
Vlm

ð3Þ
are given in terms of radiative mass and current multipoles,
Ulm and Vlm. These contain both instantaneous and
hereditary parts. In the latter, we can further distinguish
between tail and memory contributions (some of which
may actually be tail induced) at the 3PN order by
schematically writing
Ulm ¼ Ulminst þUlmtail þ Ulmmem þ δUlm; ð4aÞ
Vlm ¼ Vlminst þ Vlmtail þ δVlm; ð4bÞ
where δUlm and δVlm represent possible higher-order
hereditary terms. Note that there is no memory contribution
to the radiative current-type moments [51]. Now, employ-
ing the multipolar post-Minkowskian post-Newtonian (PN)
formalism, the radiative moments can be written in terms of
the source moments. These relations can be found in
Sec. III A of Ref. [65] for the instantaneous parts, which
only require the knowledge of the source motion at a given
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moment in retarded time TR, and in Sec. II B of Paper I for
the hereditary parts, which involve integrals over the entire
dynamical past of the source.
The nonlinear memory may be expressed in terms of the
time derivative of the gravitational waveform by solving
one component of Einstein’s equations near future null
infinity in Bondi coordinates [53,68]. In this approach,
the complex wave amplitude hþ − ih× is decomposed
into even-parity and odd-parity pieces, the former
being parametrized by a scalar function of the retarded
time TR and the angles ðΘ;ΦÞ, namely, ΦeðTR;Θ;ΦÞ ¼P
l≥0;jmj≤lΦlme ðTRÞYlmðΘ;ΦÞ, where the Φlme ðTRÞ turn
out to be equal to
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðl − 2Þ!=ðlþ 2Þ!p with our con-
ventions. The memory then manifests itself as a low-
frequency shift of those modes. Since this effect is sourced
by GWs, the consequent change for Ulmmem is a functional
of the gravitational-wave “flux”1
dEGW
dtdΩ
≡ c
3R2
16πG
ð _h2þ þ _h2×Þ: ð5Þ
More precisely, the nonlinear memory contribution to the
radiative mass moment UlmðTRÞ is given by [53]
Ulmmem ¼
32π
c2−l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl − 2Þ!
2ðlþ 2Þ!
s Z
TR
−∞
dt
Z
dΩ
dEGW
dtdΩ
Y¯lmðΩÞ:
ð6Þ
This formula was first shown to hold at quadratic order inG
[51] before its validity was extended to the general case (see
also Ref. [69], which indicates how to perturbatively
construct a radiative-type gauge in which the derivation
proposed in Ref. [51] can be adapted in principle to
arbitrarily high orders). We will start from Eq. (6) to
compute the memory contributions to the GW amplitude
to the 3PN order.
Inserting the mode decomposition defined in Eq. (2) into
Eq. (5), we find the GW energy flux in terms of the time
derivatives of the hlm modes:
dEGW
dtdΩ
¼ c
3R2
16πG
X∞
l0¼2
X∞
l00¼2
Xl0
m0¼−l0
Xl00
m00¼−l00
_hl
0m0 _¯h
l00m00
× Yl
0m0
−2 ðθ;ϕÞY¯l
00m00
−2 ðθ;ϕÞ: ð7Þ
We insert this expression in turn into Eq. (6). The time
derivative of the memory contribution to the mass multi-
pole moment, Ulmð1Þmem ¼ dUlmmem=dTR, which is nothing but
the memory contribution before integration over past
history, may thus be expressed as
Ulmð1Þmem ¼ c
lþ1R2
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðl − 2Þ!
ðlþ 2Þ!
s X∞
l0¼2
X∞
l00¼2
Xl0
m0¼−l0
Xl00
m00¼−l00
×Gll
0l00
mm0m00
_hl
0m0 _¯h
l00m00
; ð8Þ
where Gll
0l00
mm0m00 is the angular integral of a product of three
spin-weighted spherical harmonics,
Gll
0l00
mm0m00 ¼
Z
dΩY¯lmYl0m0−2 Y¯l
00m00
−2 : ð9Þ
Reference [70] provides an explicit formula for this
integral:
Gll
0l00
mm0m00 ¼ ð−1Þmþm
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ
4π
r
×

l l0 l00
0 −2 2

l l0 l00
−m m0 −m00

: ð10Þ
The brackets denote the Wigner 3-j symbols.
B. Instantaneous and tail parts of the spherical
harmonic modes
Remembering that the dominant modes correspond to
the quadrupolar case l ¼ 2, with h2m ¼ Oðc−4Þ, we see
from Eq. (8) that the memory integrands are of 2.5PN order.
However, as discussed below, in addition to oscillatory
complex exponentials the Ul0ð1Þmem also contain nonoscilla-
tory terms. Due to the integration over the past history, their
contributions at times t ≤ TR accumulate and enhance the
result by a net factor c5. It follows that the leading memory
effect in the polarizations actually arises at the relative
Newtonian order. Thus, Eq. (8) implies that, as an input
for the computation of the 3PN-accurate Ulmð1Þmem , we need
a priori all nonmemory hlm modes to 3PN order. It is in
fact not surprising that part of the waveform is required to
calculate the full waveform since the nonlinear memory
originates from gravitational waves sourced by the energy
flux of gravitational waves emitted in the past, as shown by
Eq. (6). Note that the contribution from the memory to the
memory itself turns out not to enter the waveform up to the
3PN order. In Ref. [62] it was argued that for circular
binaries these contributions would appear at the 5PN level,
though for eccentric binaries we find, by explicit calcu-
lation, that these appear already at the 4PN order. This is
due to additional oscillatory memory contributions that will
be discussed in Sec. III C below. However, for the present
work, these memory-of-memory terms can be safely
ignored.
1In Eq. (5), at future null infinity the product of R2 with the
term between brackets reduces to NABNAB=2 in the notation of
Ref. [68].
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The instantaneous parts of the 3PN-accurate hlm modes
describing inspiraling eccentric binaries have been com-
puted in Ref. [65]. The tail contributions were derived in
Paper I, as well as the post-adiabatic corrections to the
instantaneous contributions. The instantaneous mode
amplitudes from Ref. [65] are written in terms of the
post-Newtonian parameter x and time eccentricity et, and
are parametrized by the eccentric anomaly u. They are valid
for arbitrary eccentricities, while the tail contributions in
Paper I are given in a small-eccentricity expansion, para-
metrized by the mean anomaly l. The same will hold for the
memory parts. Inverting the 3PN-accurate Kepler equation
by means of the solution developed in Ref. [71], the
instantaneous terms can be parametrized by the mean
anomaly as well. Instead of restating the quasi-Keplerian
parametrization and the phasing formalism describing the
dynamics of the binary, we refer the reader to Secs. II C and
II D of Paper I where those aspects are summarized with the
same conventions and notations.
The hlm modes including instantaneous, tail, and post-
adiabatic contributions are given in the following form:
hlm ¼ 8Gmν
c2R
x
ﬃﬃﬃ
π
5
r
e−imψHlm; ð11Þ
where the Hlm are written in terms of the adiabatic post-
Newtonian parameter x≡ x¯ and time eccentricity e≡ e¯t,
and are parametrized by the angles ξ and ψ . See, for
instance, Eq. (76) of Paper I for the dominant mode (h22)
expression. The phase angles ξ and ψ arise naturally when
applying a certain shift to the time coordinate aimed
at eliminating the arbitrary constant x0 appearing in
both the instantaneous and tail parts [72,73] through the
redefinitions
ξ ¼ l − 3GM
c3
n ln

x
x00

; ð12aÞ
λξ ¼ λ −
3GM
c3
ð1þ kÞn ln

x
x00

; ð12bÞ
where M ¼ mð1 − νx=2Þ denotes the Arnowitt-Deser-
Misner (ADM) mass, m ¼ m1 þm2 is the total mass,
ν ¼ m1m2=m2 is the symmetric mass ratio, and x00 is
related to x0 by
ln x00 ¼
11
18
−
2
3
γE −
4
3
ln 2þ 2
3
ln x0; ð13Þ
with γE being Euler’s constant. We refer to the Appendix B
of Paper I for the relations between the orbital elements
(l, λ, ϕ) and their redefined counterparts (ξ, λξ, ψ).
III. COMPUTATION OF THE NONLINEAR
MEMORY
A. Memory contributions to the time derivative
of the radiative moments
The computation of the memory contributions to the
radiative mass multipole using Eq. (8) involves products of
the time derivatives of the hlm modes given in Eq. (11).
These are obtained by expressing ψ in terms of ξ and λξ and
applying the following time derivative operator:
d
dt
¼ n

d
dξ
þ ð1þ kÞ d
dλξ

þ dx
dt
d
dx
þ de
dt
d
de
; ð14Þ
where we have used the facts that dξ=dt ¼ dl=dt ¼ n and
dλξ=dt ¼ dλ=dt ¼ ð1þ kÞn to the required PN order. The
secular time evolution of x and e is given, at leading order,
by the formulas of Peters and Mathews [16,74]
dx
dt
¼ c
3ν
Gm
x5
ð1 − e2Þ7=2

64
5
þ 584
15
e2 þ 74
15
e4

; ð15aÞ
de
dt
¼ − c
3ν
Gm
ex4
ð1 − e2Þ5=2

304
15
þ 121
15
e2

: ð15bÞ
Note that they cause a 2.5PN correction, and thus the
leading order is sufficient here. When computing the time
derivatives of the amplitude modes hlm ∼ xl=2=c2, we have
the following leading-order PN scaling:
_hlm ∼ ðω=c2Þxl=2 ∼ cxl=2þ3=2: ð16Þ
As the dominant mode l ¼ 2 is of order cx5=2, the
knowledge of the waveform to 3PN order requires modes
up to l ¼ 8. According to this argument, the sums in
Eq. (8) consisting of products _hl
0m0 _¯h
l00m00
may be truncated
at l0 ¼ l00 ¼ 8. Moreover, the appearance of the 3-j
symbols in Eq. (10) imply some selection rules: the three
lower entries have to add up to zero, i.e., m ¼ m0 −m00.
Since the mode products appearing in Eq. (8) scale like
_hl
0m0 _¯h
l00m00 ∼ xn=2e−iðm0−m00Þλξ ; ð17Þ
for some integer n, only memory modes with m ¼ 0 will
contain DC terms, as was previously found for circular
orbits [62]. The scaling being the same as in that case,
we have to compute the Ul0ð1Þmem up to l ¼ 10. On the other
hand, a mode separation property holds for planar orbits
[75,76]: the hlm only depend on the mass (current)
radiative moments if lþm is even (odd). Thus, as there
is no memory effect in the current radiative moment, there
is no memory effect when lþm is odd.
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As an example, we show the leading-order part of the
20-mode up to Oðe2Þ, which will represent the dominant
memory contribution:
U20ð1Þmem ¼ −
ﬃﬃﬃﬃﬃ
π
15
r
c5ν2
G
x5

256
7
þ 5008e
2
21
þ 768
7
ee−iξ
þ 768
7
eeiξ þ 5176
21
e2e−2iξ þ 5176
21
e2e2iξ

: ð18Þ
We observe two different type of terms: oscillatory terms
proportional to e−im
0ξ, and nonoscillatory ones, which give
rise to the well-known leading-order DC memory.
As argued above, the m ≠ 0 modes only contain oscil-
latory terms since they are proportional to e−imλξ . For
instance, the leading order of the 22-mode explicitly is
U22ð1Þmem ¼ −
ﬃﬃﬃﬃﬃ
2π
5
r
c5ν2
G
x5e−2iλξ

40
7
e2 −
32
21
ee−iξ
þ 32
21
eeiξ −
172
21
e2e−2iξ þ 52
21
e2e2iξ

: ð19Þ
However, in Eq. (8) (used for the calculation of the Ulmð1Þmem )
there is no need to average the mode products _hl
0m0 _¯h
l00m00
over several wavelengths. Other derivations of the memory
effect, making use of the Isaacson gravitational-wave
stress-energy tensor [77], resort to such a procedure. In
Ref. [63], which follows this approach, the orbital average
entering the calculation of the leading-order eccentric
memory effectively removes the terms proportional to
eim
0ξ in the Ul0ð1Þmem , so that only the terms yielding the
DC memory are left over, while the discarded pieces do not
affect the amplitude of the DC memory. In the absence of
the orbital average, these pieces lead to small-amplitude
oscillatory contributions to the waveform, which here
we will call oscillatory memory contributions. It would
actually be difficult to introduce an orbital average in the
m ≠ 0 modes because these terms oscillate not only on the
orbital time scale, but also on the much longer precession
time scale.
B. DC memory
The next step consists in evaluating the hereditary time
integral
Ulmmem ¼
Z
TR
−∞
dtUlmð1Þmem : ð20Þ
To do so, we need a model for the secular evolution of the
binary undergoing gravitational radiation-reaction forces.
The secular 3PN-order evolution equations of the orbital
elements for a quasielliptical, inspiraling binary were
obtained in Refs. [78–80]. This model is an idealization
since it assumes that the two components start at infinite
separation and the orbital energy decreases solely due to the
emission of gravitational waves.
The explicit integrals appearing in Eq. (20) are of two
different types. The first one consists of a product of x
and e, each with some power p and q, respectively:
Ul0DC ∼
Z
TR
−∞
dtxpðtÞeqðtÞ: ð21Þ
The leading Newtonian order corresponds to p ¼ 5.
The possible values of the integer q range from 0—the
quasicircular limit—to the order of the eccentricity expan-
sion. These integrals give the nonoscillatory contributions
to the waveform, i.e., the DC memory. Note that, as argued
above, these terms are only present in the m ¼ 0 modes.
The second type of integrals will lead to oscillatory terms
appearing at 1.5PN, 2.5PN, and 3PN order in the wave-
form. We will discuss these in Sec. III C.
The strategy to evaluate the integral in Eq. (21) is to
express the PN parameter x in terms of the eccentricity e
and change the integration variable from time t to e, so that
the integral runs from some initial eccentricity ei at early
times to eðTRÞ at the current retarded time:
Ul0DC ∼
Z
eðTRÞ
ei
de

de
dt

−1
xpðeÞeq: ð22Þ
The time evolution of x and e due to radiation reaction is
stated to leading order in Eqs. (15a)–(15b). Here, we need
the evolution equations up to 3PN order, which are
provided in Appendix B. We form the ratio of the two
equations, thereby canceling the time dependence, and
expand the right-hand side in x and e. This yields a
differential equation with the following structure:
dx
de
¼ fNðeÞxþ f1ðeÞx2 þ f1.5ðeÞx5=2
þ f2ðeÞx3 þ f2.5ðeÞx7=2 þ f3ðe; ln xÞx4: ð23Þ
Here, the fiðeÞ terms represent the coefficients of xiþ1
in the expansion of dx=de, with fN ¼ f0. To solve this
differential equation, we search for the unknown function
xðeÞ in the form of a perturbative expansion, according to
x ¼ xN þ ϵx1 þ ϵ3=2x1.5 þ ϵ2x2 þ ϵ5=2x2.5 þ ϵ3x3; ð24Þ
where ϵ is a formal parameter that allows one to keep track
of the PN order. Inserting this expansion into Eq. (23) and
identifying the coefficients of ϵi on the left- and right-hand
sides of the resulting equation, we find the set of differential
relations satisfied by the post-Newtonian orders of x. This
system can be straightforwardly solved by quadrature.
Putting the pieces together yields the PN parameter x as
a function of eccentricity. At leading order in the PN and
eccentricity expansion, we recover [35]
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xðeÞ ¼ x0

e0
e

12=19
; ð25Þ
where x0 is the value of x at some reference eccentricity e0.
The full 3PN result to leading order in eccentricity is
provided in Appendix B. Note that for the expansion in
eccentricity to be valid, the eccentricity has to be small at all
times, and hence e0 has to be small as well.
We are now in the position to insert the evolution equation
for e and the solution for xðeÞ into Eq. (22). Expanding again
in x and e yields elementary integrals, which must be
calculated. We then reexpress this result in terms of the time-
dependent quantities x and e by solving their relation
[Eqs. (25) and (B8)] for x0 and reinsert the expression of
this quantity in terms of x and e into the calculated memory
terms. A final Taylor expansion then yields the DC memory
pieces of the mass multipole moments.
We present the memory contributions to the spherical
harmonic modes in the following form:
hlmmem ¼ −
Gﬃﬃﬃ
2
p
clþ2R
Ulmmem
¼ 8Gmν
c2R
x
ﬃﬃﬃ
π
5
r
e−imψHlmmem: ð26Þ
With this convention, the memory pieces directly add to the
waveform modes stated in Eq. (11). As the expressions are
quite long, we present here only the H20DC mode to 3PN and
leading order in eccentricity:
H20DC ¼ −
5
14
ﬃﬃﬃ
6
p ðH20Newt þ xH201PN þ x3=2H201.5PN þ x2H202PN þ x5=2H202.5PN þ x3H203PNÞ; ð27aÞ
H20Newt ¼ 1 −

e
ei

12=19
; ð27bÞ
H201PN ¼ −
4075
4032
þ 67ν
48
þ

e
ei

12=19

−
2833
3192
þ 197ν
114

þ

e
ei

24=19

145417
76608
−
2849ν
912

; ð27cÞ
H201.5PN ¼ −
377π
228

e
ei

12=19
þ 377π
228

e
ei

30=19
; ð27dÞ
H202PN ¼ −
151877213
67060224
−
123815ν
44352
þ 205ν
2
352
þ

e
ei

12=19

358353209
366799104
−
738407ν
727776
−
20597ν2
17328

þ

e
ei

24=19

411966361
122266368
−
825950ν
68229
þ 561253ν
2
51984

þ

e
ei

36=19

−
50392977379
24208740864
þ 764295307ν
48033216
−
11654209ν2
1143648

; ð27eÞ
H202.5PN ¼ −
253π
336
þ 253πν
84
þ

e
ei

12=19

3763903π
7277760
þ 12788779πν
1819440

þ

e
ei

24=19

54822209π
8733312
−
1074073πν
103968

þ

e
ei

30=19

5340205π
1455552
−
371345πν
51984

þ

e
ei

42=19

−
424020733π
43666560
þ 27049187πν
3638880

; ð27fÞ
H203PN ¼ −
4397711103307
532580106240
þ

700464542023
13948526592
−
205π2
96

νþ 69527951ν
2
166053888
þ 1321981ν
3
5930496
þ

e
ei

12=19

−
4942027570449143
96592876047360
−
81025π2
103968
þ 3317γE
399
þ

−
10309531979
7466981760
þ 3977π
2
3648

ν
þ 267351733ν
2
82966464
þ 772583ν
3
2222316
þ 12091 ln 2
5985
þ 78003 ln 3
5320
þ 3317 ln x
798

þ 710645π
2
103968

e
ei

30=19
þ

e
ei

24=19

−
31102835980319
14049872879616
þ 279737759653ν
167260391424
þ 26730466283ν
2
1991195136
−
397176241ν3
23704704

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þ

e
ei

36=19

−
142763304914707
25758100279296
þ 48901891428821ν
919932152832
−
400181473249ν2
3650524416
þ 2295879173ν
3
43458624

þ

e
ei

48=19

385621605844415513
5740376633671680
−
157405π2
25992
−
3317γE
399
þ

−
49590995147570629
478364719472640
þ 1271π
2
1216

ν
þ 3194536246463ν
2
34514049024
−
1672948713ν3
45653504
−
12091 ln 2
5985
−
78003 ln 3
5320
−
3317 ln x
798
−
6634
2527
ln

e
ei

: ð27gÞ
All nonzero DC memory modes are presented to leading order in eccentricity in Appendix D and to Oðe6Þ in the
Supplemental Material [67].
An important check is to take the circular limit of our calculated memory modes and compare to the circular 3PNmemory
modes computed in Ref. [62]. To illustrate this fact, we take the circular limit of the 20-mode stated in Eqs. (27) by setting
e ¼ 0 and find
H20DC ¼ −
5
14
ﬃﬃﬃ
6
p

1þ x

−
4075
4032
þ 67ν
48

þ x2

−
151877213
67060224
−
123815ν
44352
þ 205ν
2
352

þ x5=2

−
253π
336
þ 253πν
84

þ x3

−
4397711103307
532580106240
þ

700464542023
13948526592
−
205π2
96

νþ 69527951ν
2
166053888
þ 1321981ν
3
5930496

; ð28Þ
in perfect agreement with Eq. (4.3a) of Ref. [62]. The
higher DC modes up to l ¼ 10 in the circular limit are
consistent with Eq. (4.3) of Ref. [62] as well. Moreover, we
can check the leading eccentricity part at Newtonian order
against Eq. (2.35) in Ref. [63]. They are found to be equal.
Note that at Newtonian order the computation of the DC
memory is in principle possible for arbitrary eccentricities
[see Eq. (2.34) in Ref. [63] ]; however, this becomes
difficult at higher PN orders, especially when tail terms
come into play.
C. Oscillatory memory
Before considering the oscillatory integrals, let us
recall some properties of the nonlinear memory. As
mentioned at the beginning of Sec. II B, the memory
contribution to the radiative mass multipole is formally of
2.5PN order. But due to the hereditary nature, the non-
oscillatory terms are raised by 2.5PN orders to appear
already at the Newtonian level. From the oscillatory terms
we cannot expect the same behavior, due to the fact
that the oscillations in the remote past effectively cancel
each other out. Thus, we expect that only the recent past
will contribute.
Examining the remaining oscillatory integrals, we notice
that they are of the following form:
Ulmosc ∼
Z
TR
−∞
dtxpðtÞeqðtÞeiðsλξþrξÞ: ð29Þ
Note that we have s ¼ −m. Here we provide a formula to
evaluate these integrals, its derivation is presented in
Appendix C. Using the fact that λξ ¼ ð1þ kÞξ and ξ ¼
nt to the required PN order as well as the notion that the
integral is essentially given by the contributions at the
current time, we find
Ulmosc ∼ −
i
nðrþ sð1þ kÞÞ x
peqeiðsλξþrξÞ; ð30Þ
where the time dependence on TR is not written explicitly.
Expanding the denominator, we have to distinguish
between two different cases. The first applies if r ≠ −s;
we then find
Ulmosc ∼ −
i
rþ s x
p−3=2eqeiðsλξþrξÞ: ð31Þ
Since p ¼ 5 at Newtonian order and the leading terms in
the waveform are of order x, these integrals lead to 2.5PN
contributions to the waveform. As we have expected, these
kinds of terms oscillating on the orbital time scale keep
their formal PN order, and we call them the fast oscillatory
memory.
On the other hand, for r ¼ −s we find
Ulmosc ∼ −
i
3s

xp−5=2 þ xp−3=2

−
3
2
þ 7ν
3

× eqeisðλξ−ξÞ þOðeqþ2Þ: ð32Þ
This corresponds to terms that oscillate solely on the
periastron precession time scale, and we therefore call
these terms the slow oscillatory memory. Because of the
much slower oscillations, they are enhanced by 1PN order
(corresponding to the PN order of precession) and enter the
waveform at 1.5PN. Note also that in Eq. (32) eccentricity
corrections of Oðeqþ2Þ appear, whereas Eq. (31) would
GRAVITATIONAL-WAVE AMPLITUDES FOR COMPACT … PHYS. REV. D 100, 084043 (2019)
084043-7
only be affected by eccentricity corrections starting at
3.5PN order.
We provide the oscillatory memory contributions to the
spherical harmonic modes in the same form as for the DC
memory, according to Eq. (26). Besides the DC memory
contribution, the 20-mode also contains fast oscillatory
memory at 2.5PN:
H20osc ¼ i
16
ﬃﬃﬃ
6
p
7
νex5=2

−e−iξþ eiξ−647
576
ee−2iξþ647
576
ee2iξ

:
ð33Þ
Note that while the DC memory is purely real and therefore
only affects the plus polarization (with the usual conven-
tions on the polarization triad), the oscillatory contributions
influence both polarizations.
In the m ≠ 0 modes, only the oscillatory memory is
present. For the dominant 22-mode we find
H22osc ¼ ie2νe2iξ

−
13
252
x3=2 þ

697
336
−
865ν
216

x5=2 −
29π
126
x3

þ 21ix5=2eν

19
6
eþ 4
3
e−iξ − 4eiξ þ 65
24
ee−2iξ

:
ð34aÞ
Here the slow oscillatory part in the first and second lines
is proportional to e2iξ, as we factored out e−2iψ according to
Eq. (26). Three different PN orders of slow oscillatory
memory terms appear in this mode. The first one at 1.5PN
arises from the leading-order memory contribution to the
radiative mass multipole at 2.5PN, so as expected it is
enhanced by one post-Newtonian order. At 2.5PN, there is
the 1PN correction to the first term as well as a part coming
from the 1PN correction to the multipole. Finally, at 3PN
there is a term originating from the 1.5PN correction to
the memory part of the multipole; this corresponds to the
memory of the gravitational-wave tail. The terms in the
second line correspond to fast oscillatory memory entering
at the 2.5PN level.
IV. FULL 3PN ECCENTRIC WAVEFORM
In this section we summarize the results necessary
to construct the full waveform for eccentric binaries at
third post-Newtonian order, including all instantaneous,
hereditary, and post-adiabatic contributions, as described
in Sec. V of Paper I. Rather than listing the lengthy
expressions, we give an overview at which PN order the
individual terms enter the waveform and where they
can be found. Explicit expressions for all spherical
harmonic modes are given in a supplemental Mathematica
notebook [67].
We present the waveform in terms of the secular evolving
PN parameter x¯ and the time eccentricity e¯, parametrized by
the angles ξ and ψ . We refer to Sec. V C of Paper I for their
definition, and to Appendix B therein for various relations
between the orbital elements (l, λ, ϕ) and (ξ, λξ, ψ). The
secular evolution of the parameters x¯ and e¯ is given in
Appendix B. The spherical harmonic modes describing the
waveform are then written in the following form:
hlm ¼ 8Gmν
c2R
x¯
ﬃﬃﬃ
π
5
r
e−imψHlm: ð35Þ
Modes with m < 0 can be calculated from
hl−m ¼ ð−1Þlh¯lm: ð36Þ
In general, the individual modes can be split into three
types of contributions:
Hlm ¼ Hlminst þHlmhered þHlmpost-ad: ð37Þ
The instantaneous terms depend only on the instantaneous
state of the source at a given retarded time, with contri-
butions at different orders relative to the leading order for
each mode given as
Hlminst ¼ ðHlminstÞLead þ ðHlminstÞ1PN þ ðHlminstÞ1.5PN
þ ðHlminstÞ2PN þ ðHlminstÞ2.5PN þ ðHlminstÞ3PN: ð38Þ
These are given in terms of x, e, and u in Eqs. (5.09)–(5.11)
and Eq. (A1) of Ref. [65]. The parametrization in terms of u
has to be transformed to ξ using Eq. (B2b) in Paper I.
The post-adiabatic contributions are introduced by
radiation-reaction corrections to the quasi-Keplerian para-
metrization, at relative 2.5PN order:
Hlmpost-ad ¼ ðHlmpost-adÞ2.5PN: ð39Þ
They are given in Eqs. (66)–(67) of Paper I.
The hereditary contributions, on the other hand, depend
on the entire dynamical past of the binary system. They can
be further split into tail and memory parts:
Hlmhered ¼ Hlmtail þHlmmem: ð40Þ
For the tails we find contributions at different orders
relative to the leading order for each mode as
Hlmtail ¼ ðHlmtailÞ1.5PN þ ðHlmtailÞ2.5PN þ ðHlmtailÞ3PN: ð41Þ
These are given in Eqs. (47)–(48) of Paper I.
There is both DC memory and oscillatory memory:
Hlmmem ¼ Hl0DC þHlmosc: ð42Þ
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DC memory enters the waveform in them ¼ 0modes at all
relative orders,
Hl0DC ¼ ðHl0DCÞLead þ ðHl0DCÞ1PN þ ðHl0DCÞ1.5PN
þ ðHl0DCÞ2PN þ ðHl0DCÞ2.5PN þ ðHl0DCÞ3PN; ð43Þ
while slow and fast oscillatory memory enter as
Hlmosc ¼ ðHlmslow oscÞ1.5PN þ ðHlmslow oscÞ2.5PN
þ ðHlmslow oscÞ3PN þ ðHlmfast oscÞ2.5PN: ð44Þ
Slow oscillatory memory is due to the double-periodic
nature of eccentric motion and is not present in quasicir-
cular binary systems. All memory modes are computed in
this paper and are listed in Appendixes D and E.
As an example, we present here the dominant H22 mode
including all contributions to OðeÞ:
H22Newt ¼ 1þ e¯

1
4
e−iξ þ 5
4
eiξ

; ð45aÞ
H221PN ¼ x¯

−
107
42
þ 55ν
42
þ e¯

e−iξ

−
257
168
þ 169ν
168

þ eiξ

−
31
24
þ 35ν
24

; ð45bÞ
H221.5PN ¼ x¯3=2

2π þ e¯

e−iξ

11π
4
þ 27i
2
ln

3
2

þ eiξ

13π
4
þ 3i
2
lnð2Þ

; ð45cÞ
H222PN ¼ x¯2

−
2173
1512
−
1069ν
216
þ 2047ν
2
1512
þ e¯

eiξ

−
2155
252
−
1655ν
672
þ 371ν
2
288

þ e−iξ

−
4271
756
−
35131ν
6048
þ 421ν
2
864

;
ð45dÞ
H222.5PN ¼ x¯5=2

−
107π
21
þ

−24iþ 34π
21

νþ e¯

eiξ

−
9i
2
þ 229π
168
þ

−
14579i
140
þ 61π
42

νþ

473i
28
−
3iν
7

lnð2Þ

þ e−iξ

−
27i
2
−
1081π
168
þ

−
1291i
180
þ 137π
42

νþ

27i
4
þ 9iν

ln

3
2

; ð45eÞ
H223PN ¼ x¯3

27027409
646800
þ 428iπ
105
þ 2π
2
3
−
856γE
105
þ

−
278185
33264
þ 41π
2
96

ν −
20261ν2
2772
þ 114635ν
3
99792
−
1712 lnð2Þ
105
−
428 lnðx¯Þ
105
þ e¯

e−iξ

219775769
1663200
þ 749iπ
60
þ 49π
2
24
−
749γE
30
þ

−
121717
20790
−
41π2
192

ν −
86531ν2
8316
−
33331ν3
399168
þ

−
2889
70
þ 81iπ
2

ln

3
2

−
81
2
ln2

3
2

−
749 lnð2Þ
15
−
749 lnðx¯Þ
60

þ eiξ

55608313
1058400
þ 3103iπ
420
þ 29π
2
24
−
3103γE
210
þ

−
199855
3024
þ 41π
2
48

ν −
9967ν2
1008
þ 35579ν
3
36288
þ

−
6527
210
þ 3iπ
2

lnð2Þ þ 3ln
2ð2Þ
2
−
3103 lnðx¯Þ
420

: ð45fÞ
Note here the difference at 2.5PN order between Eq. (40) and Eq. (76) of Paper I, due to additional memory terms not yet
considered in Paper I. Complete expressions for all modes to Oðe6Þ are given in the Supplemental Material [67].
By taking the quasicircular limit of our modes as described in Sec. V E of Paper I, we can compare the instantaneous, tail,
and (fast) oscillatory memory contributions of our waveform modes with Ref. [64] and the DC memory terms with
Ref. [62]. In all of them we find perfect agreement.
V. BRIEF SUMMARY
In this paper we computed the memory contribution to the gravitational waveform from nonspinning compact binaries in
eccentric orbits at the third post-Newtonian order. Our results complete the previous work on the instantaneous parts [65]
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and on the tail and post-adiabatic contributions [66]. These
waveforms form the basis for the construction of increas-
ingly accurate GW templates from binary systems in
eccentric orbits.
There are two fundamentally different types of memory.
DC memory is a slowly increasing, nonoscillatory con-
tribution to the gravitational-wave amplitude, entering at
Newtonian order, leading to a difference in the amplitude
between early and late times. Oscillatory memory, on the
other hand, enters at higher PN orders as a normal periodic
contribution. Due to the double-periodic nature of the
eccentric motion, slow oscillatory memory contributions
on the periastron precession time scale are enhanced by a
factor of 1PN, and thus already enter the waveform at
1.5PN order. This is unlike the quasicircular case, where
oscillatory memory only enters at 2.5PN order.
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APPENDIX A: COMPUTATION OF THE
MEMORY VIA THE RADIATIVE
MASS MULTIPOLES
The computation of the nonlinear memory in the paper is
done effectively via the GW energy flux with the formula
given in Eq. (8). An alternative way is to directly compute
the required moments of the memory contribution to the
radiative mass multipole. The leading-order memory piece
of the mass quadrupole moment contributes at 2.5PN;
however, due to the hereditary integral the DC terms are
raised by 2.5PN orders such that they contribute at leading
order in the waveform polarization. Reference [81] lists the
memory contributions up to 3.5PN. From this we are able
to compute the DC memory to 1PN accuracy. The
hereditary integral enhances the slow oscillatory memory
terms by 1PN; therefore, by knowing the 3.5PN contribu-
tion to the mass moments we find the leading-order 2.5PN
terms contributing at 1.5PN and 2.5PN in the waveform,
and that the 3PN terms appear at 2PN and 3PN and the
3.5PN terms at 2.5PN. However, what we miss are the 4PN
terms that appear in the waveform at 3PN level. On the
other hand, the fast oscillatory memory is not affected by
the hereditary integral in its PN order, and we recover it at
2.5PN and 3PN. The required memory contributions at
3.5PN to the radiative mass moments are
Umemij ðTRÞ ¼
G
c5
Z
TR
−∞
dτ

−
2
7
Mð3ÞahiðτÞMð3ÞjiaðτÞ

þ G
c7
Z
TR
−∞
dτ

−
5
756
Mð4Þab ðτÞMð4ÞijabðτÞ −
32
63
Sð3ÞahiðτÞSð3ÞjiaðτÞ
þ εabhi

5
42
Sð4ÞjibcðτÞMð3Þac ðτÞ −
20
189
Mð4ÞjibcðτÞSð3Þac ðτÞ

; ðA1aÞ
Umemijk ðTRÞ ¼
G
c5
Z
TR
−∞
dτ

−
1
3
Mð3ÞahiðτÞMð4ÞjkiaðτÞ −
4
5
εabhiM
ð3Þ
ja ðτÞSð3ÞkibðτÞ

; ðA1bÞ
Umemijkl ðTRÞ ¼
G
c3
Z
TR
−∞
dτ

2
5
Mð3Þhij ðτÞMð3ÞkliðτÞ

þ G
c5
Z
TR
−∞
dτ

12
55
Mð4ÞahiðτÞMð4ÞjkliaðτÞ −
14
99
Mð4ÞahijðτÞMð4ÞkliaðτÞ
þ 32
45
Sð3Þhij ðτÞSð3ÞkliðτÞ þ εabhi

−
4
5
Mð3Þja ðτÞSð4ÞklibðτÞ þ
32
45
Sð3Þja ðτÞMð4ÞklibðτÞ

; ðA1cÞ
UmemijklmðTRÞ ¼
G
c3
Z
TR
−∞
dτ

20
21
Mð3Þhij ðτÞMð4ÞklmiðτÞ

; ðA1dÞ
UmemijklmnðTRÞ ¼
G
c3
Z
TR
−∞
dτ

5
7
Mð4ÞhijkðτÞMð4ÞlmniðτÞ −
15
14
Mð3Þhij ðτÞMð4ÞklmniðτÞ

: ðA1eÞ
Note that the symmetric trace-free (STF) projection h…i only applies to the free indices ijk…. The integrand in those
equations consists of products of canonical mass and current moments,MðnÞL ðτÞ and SðnÞL ðτÞ, and the superscript in brackets
stands for the nth derivative with respect to τ. The canonical moments are related by a gauge transformation to the source
moments IL and JL along with some more gauge moments that enter at 2.5PN in the δIL; δJL terms,
ML ¼ IL þGδIL þOðG2Þ; ðA2aÞ
MICHAEL EBERSOLD et al. PHYS. REV. D 100, 084043 (2019)
084043-10
SL ¼ JL þGδJL þOðG2Þ: ðA2bÞ
For our purpose of calculating the memory contribution to
next-to-leading order, we only need the 1PN part of the
source moments. Here we list the relevant source moments
at 1PN for two nonspinning compact objects in general
orbits [65]. The source moments are written in terms of xi
and vi, which denote the binary’s relative separation and
relative velocity. Moreover, r is the distance between the
two objects, and thus r ¼ jxj and _r is the radial velocity. For
the mass quadrupole moment we have
Iij ¼ νm

A1xhixji þ A2
r_r
c2
xhixji þ A3
r2
c2
vhivji

; ðA3Þ
where
A1 ¼ 1þ
1
c2

v2

29
42
−
29ν
14

þ Gm
r

−
5
7
þ 8ν
7

; ðA4aÞ
A2 ¼ −
4
7
þ 12ν
7
; ðA4bÞ
A3 ¼
11
21
−
11ν
7
: ðA4cÞ
The 1PN mass octupole is
Iijk ¼ −νmΔ

B1xhijki þ B2
r_r
c2
xhijvki þ B3
r2
c2
xhivjki

;
ðA5Þ
where
B1¼1þ
1
c2

v2

5
6
−
19ν
6

þGm
r

−
5
6
þ13ν
6

; ðA6aÞ
B2 ¼ −ð1 − 2νÞ; ðA6bÞ
B3 ¼ 1 − 2ν; ðA6cÞ
and Δ ¼ ðm1 −m2Þ=m is the mass difference ratio.
Moreover, we need also the leading-Newtonian-order part
of the mass hexadecapole,
Iijkl ¼ νmxhijklið1 − 3νÞ: ðA7Þ
From the current source moments we need the quadrupole,
which is
Jij ¼ −νmΔ

C1εabhixjiavb þ C2
r_r
c2
εabhivjibxa

; ðA8Þ
where
C1 ¼ 1þ
1
c2

v2

13
28
−
17ν
7

þ Gm
r

27
14
þ 15ν
7

; ðA9aÞ
C2 ¼
5
28
ð1 − 2νÞ; ðA9bÞ
and finally the leading order of the current octupole is
Jijk ¼ νmεabhixjkiavbð1 − 3νÞ: ðA10Þ
Having the source moments in hand (and thus in our case
also the canonical moments), we can calculate the products
of time derivatives of the canonical moments occurring
in the integrands of Eq. (A1a)–(A1e). Before treating the
hereditary integral, we transform from the STF moments
UmemL computed here to the scalar version of the radiative
mass moments using Eq. (4) of Paper I. These are the same
moments that we find when computing the memory with
Eq. (8). The hereditary integral is evaluated in the sameway
as described in Secs. III B and III C. Using this method, we
find the 1PN DC memory and the 1PN oscillatory memory.
Be aware that the DC memory appears in the waveform at
leading Newtonian order, while the first slow oscillatory
memory terms appear at 1.5PN and the fast oscillatory
memory at 2.5PN.
This method of computing the memory contribution
serves as a check. We can compare the relative 1PN pieces
of the DC and oscillatory memory calculated before and
here, and they are found to be in perfect agreement.
APPENDIX B: RADIATION-REACTION
EVOLUTION EQUATIONS
In this Appendix we provide the secular 3PN-accurate
evolution equations for x and e [78–80] in MH gauge. The
instantaneous terms are exact, whereas the eccentricity
enhancement functions appearing in the hereditary con-
tributions are given in an eccentricity expansion. We begin
by listing the pieces needed for the evolution of x:
dx
dt
¼2c
3νx5
3Gm
ðXNewtþxX1PNþx2X2PNþx3X3PNþX heredÞ;
ðB1Þ
where
XNewt ¼
1
ð1 − e2Þ7=2

96
5
þ 292e
2
5
þ 37e
4
5

; ðB2aÞ
X1PN ¼
1
ð1 − e2Þ9=2

−
1486
35
−
264ν
5
þ e2

2193
7
− 570ν

þ e4

12217
20
−
5061ν
10

þ e6

11717
280
−
148ν
5

;
ðB2bÞ
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X2PN ¼
1
ð1 − e2Þ11=2

−
11257
945
þ 15677ν
105
þ 944ν
2
15
þ e2

−
2960801
945
−
2781ν
5
þ 182387ν
2
90

þ e4

−
68647
1260
−
1150631ν
140
þ 396443ν
2
72

þ e6

925073
336
−
199939ν
48
þ 192943ν
2
90

þ e8

391457
3360
−
6037ν
56
þ 2923ν
2
45

þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p 
48 −
96ν
5
þ e2

2134 −
4268ν
5

þ e4

2193 −
4386ν
5

þ e6

175
2
− 35ν

; ðB2cÞ
X3PN ¼
1
ð1 − e2Þ13=2

614389219
148500
þ

−
57265081
11340
þ 369π
2
2

ν −
16073ν2
140
−
1121ν3
27
þ e2

19769277811
693000
þ

66358561
3240
þ 42571π
2
80

ν −
3161701ν2
840
−
1287385ν3
324

þ e4

−
3983966927
8316000
þ

6451690597
90720
−
12403π2
64

νþ 34877019ν
2
1120
−
33769597ν3
1296

þ e6

−
4548320963
5544000
þ

−
59823689
4032
−
242563π2
640

νþ 411401857ν
2
6720
−
3200965ν3
108

þ e8

19593451667
2464000
þ

−
6614711
480
−
12177π2
640

νþ 92762ν
2
7
−
982645ν3
162

þ e10

33332681
197120
−
1874543ν
10080
þ 109733ν
2
840
−
8288ν3
81

þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p 
−
1425319
1125
þ

9874
105
−
41π2
10

νþ 632ν
2
5

þ e2

933454
375
þ

−
2257181
63
þ 45961π
2
240

νþ 125278ν
2
15

þ e4

840635951
21000
þ

−
4927789
60
þ 6191π
2
32

νþ 317273ν
2
15

þ e6

702667207
31500
þ

−
6830419
252
þ 287π
2
960

νþ 232177ν
2
30

þ e8

56403
112
−
427733ν
840
þ 4739ν
2
30

þ log

xð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
Þ
x0ð2ð1 − e2ÞÞ

54784
175
þ 465664e
2
105
þ 4426376e
4
525
þ 1498856e
6
525
þ 31779e
8
350

; ðB2dÞ
Xhered ¼
96
5

4πx3=2φðeÞ þ πx5=2

−
4159
672
ψωðeÞ −
189
8
νζωðeÞ

þ x3

−
116761
3675
κðeÞ þ

16π2
3
−
1712γE
105
−
1712
105
log

4x3=2
x0

FðeÞ

: ðB2eÞ
The helper functions appearing in the hereditary contribution are given by
ψωðeÞ ¼
1344
4159
1
ð1 − e2Þ3=2
h ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
ð1 − 5e2ÞφðeÞ − 4φ˜ðeÞ
i
þ 8191
4159
ψðeÞ; ðB3aÞ
ζωðeÞ ¼
583
567
ζðeÞ − 16
567
φðeÞ: ðB3bÞ
The various enhancement functions appearing in these equations are listed below.
Next we state the evolution equation for the eccentricity. Note that we observed errors in the 2PN- and 3PN-order
expressions in Eqs. (C10) and (C11) of Ref. [80]. These are likely due to the fact that only the relation between eMH and
eADM was inserted, but one also has to transform deADM=dt to deMH=dt,
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de
dt
¼ − c
3νex4
Gm
ðEN þ xE1PN þ x2E2PN þ x3E3PN þ EheredÞ; ðB4Þ
where
ENewt ¼
1
ð1 − e2Þ5=2

304
15
þ 121e
2
15

; ðB5aÞ
E1PN ¼
1
ð1 − e2Þ7=2

−
939
35
−
4084ν
45
þ e2

29917
105
−
7753
30
ν

þ e4

13929
280
−
1664ν
45

; ðB5bÞ
E2PN ¼
1
ð1 − e2Þ9=2

−
949877
1890
þ 18763ν
42
þ 752ν
2
5
þ e2

−
3082783
2520
−
988423ν
840
þ 64433ν
2
40

þ e4

23289859
15120
−
13018711ν
5040
þ 127411ν
2
90

þ e6

420727
3360
−
362071ν
2520
þ 821ν
2
9

þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p 1336
3
−
2672ν
15
þ e2

2321
2
−
2321ν
5

þ e4

565
6
−
113ν
3

; ðB5cÞ
E3PN ¼
1
ð1 − e2Þ11=2

54208557619
6237000
þ

50099023
113400
þ 779π
2
10

ν −
4088921ν2
2520
−
61001ν3
486
þ e2

46226320013
6237000
þ

28141879
900
−
139031π2
960

ν −
21283907ν2
3024
−
86910509ν3
19440

þ e4

−
116987170177
16632000
þ

11499615139
907200
−
271871π2
1920

νþ 61093675ν
2
4032
−
2223241ν3
180

þ e6

5891934893
1232000
þ

−
5028323
560
−
6519π2
640

νþ 24757667ν
2
2520
−
11792069ν3
2430

þ e8

302322169
1774080
−
1921387ν
10080
þ 41179ν
2
216
−
193396ν3
1215

þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p 
−
22713049
15750
þ

−
5526991
945
þ 8323π
2
180

νþ 54332ν
2
45
þ e2

89395687
7875
þ

−
38295557
1260
þ 94177π
2
960

νþ 681989ν
2
90

þ e4

5321445613
378000
þ

−
26478311
1512
þ 2501π
2
2880

νþ 225106ν
2
45

þ e6

186961
336
−
289691ν
504
þ 3197ν
2
18

þ 730168
23625ð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
Þ
þ 304
15

82283
1995
þ 297674
1995
e2 þ 1147147
15960
e4 þ 61311
21280
e6

ln

xð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
Þ
2x0ð1 − e2Þ

; ðB5dÞ
Ehered ¼ −
32
5

−
985
48
πx3=2φeðeÞ þ πx5=2

55691
1344
ψeðeÞ þ
19067
126
νζeðeÞ

þ x3

89789209
352800
−
87419 ln 2
630
þ 78003 ln 3
560

κeðeÞ
−
769
96

16π2
3
−
1712γE
105
−
1712
105
ln

4x3=2
x0

FeðeÞ

: ðB5eÞ
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The additional functions in the hereditary contribution are
φeðeÞ ¼
192
985
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
e2
h ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
φðeÞ − φ˜ðeÞ
i
; ðB6aÞ
ψeðeÞ ¼
18816
55691
1
e2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p 
1 −
11e2
7

φðeÞ −

1 −
3
7
e2

φ˜ðeÞ

þ 16382
55691
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
e2
h ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
ψðeÞ − ψ˜ðeÞ
i
;
ðB6bÞ
ζeðeÞ ¼
924
19067
1
e2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p

−ð1 − e2Þ3=2φðeÞ þ

1 −
5
11
e2

φ˜ðeÞ

þ 12243
76268
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
e2
h ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
ζðeÞ − ζ˜ðeÞ
i
; ðB6cÞ
κeðeÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
e2
h ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
κðeÞ − κ˜ðeÞ
i769
96
−
3059665
700566
ln 2þ 8190315
1868176
ln 3

−1
; ðB6dÞ
FeðeÞ ¼
96
769
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
e2
h ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − e2
p
FðeÞ − F˜ðeÞ
i
: ðB6eÞ
The eccentricity enhancement functions arise from hereditary contributions to the energy flux (nontilde) and the
angular momentum flux (tilde). Most of them do not admit closed forms and have to be computed numerically or in a
small-eccentricity expansion. Here we list them in an eccentricity expansion to Oðe6Þ:
φðeÞ ¼ 1þ 2335
192
e2 þ 42955
768
e4 þ 6204647
36864
e6; ðB7aÞ
φ˜ðeÞ ¼ 1þ 209
32
e2 þ 2415
128
e4 þ 730751
18432
e6; ðB7bÞ
ψðeÞ ¼ 1 − 22988
8191
e2 −
36508643
524224
e4 −
1741390565
4718016
e6; ðB7cÞ
ψ˜ðeÞ ¼ 1 − 17416
8191
e2 −
14199197
524224
e4 −
467169215
4718016
e6; ðB7dÞ
κðeÞ ¼ 1þ e2

62
3
−
4613840
350283
ln 2þ 24570945
1868176
ln 3

þ e4

9177
64
þ 271636085
1401132
ln 2 −
466847955
7472704
ln 3

þ e6

76615
128
−
4553279605
2802264
ln 2þ 14144674005
119563264
ln 3þ 914306640625
1076069376
ln 5

; ðB7eÞ
κ˜ðeÞ ¼ 1þ e2

389
32
−
2056005
233522
ln 2þ 8190315
934088
ln 3

þ e4

3577
64
þ 50149295
467044
ln 2 −
155615985
3736352
ln 3

þ e6

43049
256
−
12561332945
16813584
ln 2þ 4709431125
59781632
ln 3þ 182861328125
538034688
ln 5

; ðB7fÞ
ζðeÞ ¼ 1þ 1011565
48972
e2 þ 106573021
783552
e4 þ 456977827
854784
e6; ðB7gÞ
ζ˜ðeÞ ¼ 1þ 102371
8162
e2 þ 14250725
261184
e4 þ 722230667
4701312
e6; ðB7hÞ
FðeÞ ¼ 1þ 62
3
e2 þ 9177
64
e4 þ 76615
128
e6; ðB7iÞ
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F˜ðeÞ ¼ 1þ 389
32
e2 þ 3577
64
e4 þ 43049
256
e6: ðB7jÞ
By dividing the evolution equations for x and e and expanding in these variables, we can find a solution for the evolution
of x in terms of e at each order as described in Sec. III B. Here we provide xðeÞ at 3PN and to leading order in eccentricity:
xðeÞ ¼ xNewt þ x1PN þ x1.5PN þ x2PN þ x2.5PN þ x3PN; ðB8Þ
where
xNewt ¼ x0

e0
e

12=19

; ðB9aÞ
x1PN ¼ x20

e0
e

24=19

−
2833
3192
þ 197ν
114

þ

e0
e

12=19

2833
3192
−
197ν
114

; ðB9bÞ
x1.5PN ¼ x5=20

377π
228

e0
e

12=19
−
377π
228

e0
e

30=19

; ðB9cÞ
x2PN ¼ x30

e0
e

12=19

−
358353209
366799104
þ 738407ν
727776
þ 20597ν
2
17328

þ

e0
e

24=19

−
8025889
5094432
þ 558101ν
90972
−
38809ν2
6498

þ

e0
e

36=19

936217217
366799104
−
578135ν
80864
þ 248681ν
2
51984

; ðB9dÞ
x2.5PN ¼ x7=20

e0
e

12=19

−
3763903π
7277760
−
12788779πν
1819440

þ

e0
e

24=19

−
1068041π
363888
þ 74269πν
12996

þ

e0
e

30=19

−
5340205π
1455552
þ 371345πν
51984

þ

e0
e

42=19

12956437π
1819440
−
2651489πν
454860

; ðB9eÞ
x3PN ¼ x40

e0
e

12=19

4942027570449143
96592876047360
þ 81025π
2
103968
−
3317γE
399
−
12091 ln 2
5985
−
78003 ln 3
5320
−
3317 ln x0
798
þ

10309531979
7466981760
−
3977π2
3648

ν −
267351733ν2
82966464
−
772583ν3
2222316

þ

e0
e

30=19

−
710645π2
103968

þ

e0
e

24=19

605942457431
585411369984
−
3267214507ν
2986792704
−
543796927ν2
82966464
þ 27463573ν
3
2963088

þ

e0
e

36=19

2652303375761
390274246656
−
449767537459ν
13938365952
þ 2754579983ν
2
55310976
−
48990157ν3
1975392

þ

e0
e

48=19

−
1628129474693173
27597964584960
þ 157405π
2
25992
þ 3317γE
399
þ 12091 ln 2
5985
þ 78003 ln 3
5320
þ 6634
2527
ln

e0
e

þ 3317 ln x0
798
þ

6686551181963
209075489280
þ 3977π
2
3648

ν −
6641442629ν2
165932928
þ 282310639ν
3
17778528

: ðB9fÞ
APPENDIX C: OSCILLATORY MEMORY INTEGRAL
Here we derive the formula to evaluate the oscillatory memory integrals in Eq. (30). For convenience we setG ¼ c ¼ 1 in
this Appendix. We define the integral that has to be computed as
Jmem ¼
Z
TR
−∞
dtxpðtÞeqðtÞeiðsλξþrξÞ: ðC1Þ
GRAVITATIONAL-WAVE AMPLITUDES FOR COMPACT … PHYS. REV. D 100, 084043 (2019)
084043-15
We follow the approach of Ref. [73], where this integral
was evaluated in the case of circular orbits (q ¼ 0). The
eccentric orbit is assumed to evolve only with the secular
radiation-reaction equations given in Eqs. (15a)–(15b)
starting from x ¼ 0 and e ¼ 1 in the remote past. Every
astrophysical process like capture or mass loss possibly
happening to the binary is ignored. We start by restating the
evolution equation for x at leading order in x and e,
dxðtÞ
dt
¼ 64νx
5ðtÞ
5m

1þ 157
24
e2ðtÞ

; ðC2Þ
and integrate it over a time interval up to some coalescence
time TC, where the orbital frequency and therefore x tends
to infinity:
Z
TC
t
dt ¼
Z
∞
xðtÞ
dxðtÞ
ðdx=dtÞ : ðC3Þ
Thereby, we find an explicit relation between the orbital
frequency (related to x) and time t:
TC − t ¼
5m
256ν
1
x4ðtÞ

1 −
157
43
e2ðtÞ

: ðC4Þ
We can now invert the xðeÞ relation derived in Eq. (25)
to find e as a function of x. Considering only the leading
order, we find
eðtÞ ¼ eðTRÞ

xðTRÞ
xðtÞ

19=12
: ðC5Þ
Using Eqs. (C4) and (C5), we get x as an explicit function
of t:
xðtÞ¼1
4

5m
νðTC− tÞ

1=4

1−
157
172
e2ðTRÞ

TC− t
TC−TR

19=24

:
ðC6Þ
A quick check reveals that this expression indeed solves the
differential equation in Eq. (C2). Since the memory integral
runs up to the current time TR, we introduce a new
integration variable y which is better suited to the integra-
tion limits we have:
y ¼ TR − t
TC − TR
: ðC7Þ
Next, we express the time-dependent quantities in the
integral in terms of y and their values at the current time
TR. For x we find
xðyÞ¼xðTRÞð1þyÞ−1=4

1−
157
172
e2ðTRÞðð1þyÞ19=24−1Þ

;
ðC8Þ
and for the eccentricity we find
eðyÞ ¼ eðTRÞð1þ yÞ19=48: ðC9Þ
Note that while going back in time, with increasing y, we
only let the eccentricity evolve until e ¼ 1 is reached.
Furthermore, we need the redefined mean anomaly ξðtÞ in
terms of y and its value at the current time. Because ξ is
defined in terms of _ξ ¼ n, we have to calculate the integral
ξðtÞ ¼ ξðTCÞ −
Z
t
TC
dt0nðt0Þ
¼ ξðTCÞ −
1
m
Z
t
TC
dt0x3=2ðt0Þ
¼ ξðTCÞ −
ðTC − TRÞ
m
Z
y
−1
dy0x3=2ðy0Þ: ðC10Þ
We can now evaluate the latter integral by inserting the
expression for xðyÞ given in Eq. (C8). This leads to
ξðtÞ ¼ ξðTCÞ −
8ðTC − TRÞx3=2ðTRÞ
5m
ð1þ yÞ5=8
×

1 −
471
11696
e2ðTRÞð15ð1þ yÞ19=24 − 34Þ

;
ðC11Þ
where ξðTCÞ is the value of ξ at the moment of coalescence.
Thus, at the current time TR the mean anomaly is given by
ξðTRÞ¼ ξðTCÞ−
8ðTC−TRÞx3=2ðTRÞ
5m

1þ 8949
11696
e2ðTRÞ

:
ðC12Þ
Now we are able to express ξðtÞ in terms of ξðTRÞ and y,
ξðtÞ ¼ ξðTRÞ −
8ðTC − TRÞx3=2ðTRÞ
5m
½ð1þ yÞ5=8 − 1

1 −
471
11696
e2ðTRÞ
19 − 34ð1þ yÞ5=8 þ 15ð1þ yÞ17=12
ð1þ yÞ5=8 − 1

; ðC13Þ
where xðTRÞ and eðTRÞ stand for the respective current values of x and e.
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At this point, we introduce a dimensionless “adiabatic parameter” χðTRÞ, which is connected with the inspiral rate at
the current retarded time TR. We define it as the ratio between the current period and the time left until coalescence,
χðTRÞ ¼
1
nðTRÞðTC − TRÞ
; ðC14Þ
where nðTRÞ ¼ x3=2ðTRÞ=m at leading order. Explicitly in terms of xðTRÞ and eðTRÞ, it reads
χðTRÞ ¼
256ν
5
x5=2ðTRÞ

1þ 157
43
e2ðTRÞ

: ðC15Þ
Inserting χðTRÞ into Eq. (C13), we find
ξðtÞ ¼ ξðTRÞ −
8
5χðTRÞ
½ð1þ yÞ5=8 − 1

1 −
471
11696
e2ðTRÞ
19 − 34ð1þ yÞ5=8 þ 15ð1þ yÞ17=12
ð1þ yÞ5=8 − 1

: ðC16Þ
Now we put Eqs. (C8), (C9), and (C16) into the oscillatory integral and write it as an integral over y:
Jmem ¼ ðTC − TRÞ
Z
∞
0
dyxpðyÞeqðyÞeiðsλξðyÞþrξðyÞÞ
¼ ðTC − TRÞeiðrþsð1þkÞÞξðTRÞ
Z
∞
0
dyxpðyÞeqðyÞ exp

−
8iðrþ sð1þ kÞÞ
5χðTRÞ
½ð1þ yÞ5=8 − 1
×

1 −
471
11696
e2ðTRÞ
19 − 34ð1þ yÞ5=8 þ 15ð1þ yÞ17=12
ð1þ yÞ5=8 − 1

: ðC17Þ
Let us look at the form of this integral:
Jmem ∼
Z
∞
0
dyfðyÞ exp

i
χðTRÞ
gðyÞ

: ðC18Þ
The strategy is to integrate by parts, and therefore we need to know the following type of integral:Z
dyeiσgðyÞ ¼ − i
σg0ðyÞ e
iσgðyÞ þOðg0ðyÞ−2Þ: ðC19Þ
This formula is valid as long as g0ðyÞ is sufficiently large. Integrating Eq. (C18) by parts, we get
Jmem ∼ fðyÞ

−
iχðTRÞ
g0ðyÞ exp

i
χðTRÞ
gðyÞ

∞
0
þ iχðTRÞ
Z
∞
0
dy
f0ðyÞ
g0ðyÞ exp

i
χðTRÞ
gðyÞ

: ðC20Þ
As y approaches infinity in the remote past, we notice that fðyÞ ¼ xpðyÞeqðyÞ goes to zero. This is because at early times the
frequency reaches zero and the eccentricity cannot grow past e ¼ 1 in our model. Evaluating the first term at y ¼ 0, we
recover x and e at the current time and the exponential factor is just 1 since gð0Þ ¼ 0. The derivative g0ðyÞ in the
denominator evaluated at y ¼ 0 is effectively 1 multiplied by some constants. What remains in the first term of Eq. (C20) is
therefore of order χðTRÞ. Looking at the second term, we find the same integral form as in Eq. (C18). Successively
integrating by parts would yield another factor of χðTRÞ each time. Since this parameter is already of order 2.5PN, the
higher-order χðTRÞ contributions can be safely ignored. Including everything of order χðTRÞ, we find the formula
Jmem ¼ −ðTc − TRÞxpeqeiðsλξþrξÞ
iχðTRÞ
ðrþ sð1þ kÞÞ
¼ − i
nðrþ sð1þ kÞÞ x
peqeiðsλξþrξÞ; ðC21Þ
which allows us to compute the oscillatory hereditary integrals in Sec. III C.
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APPENDIX D: LIST OF DC MEMORY MODES
Here we list the 3PN-accurate DC memory contributions to the hlm modes at leading order in eccentricity in the
following form:
hlmDC ¼
8Gmν
c2R
x
ﬃﬃﬃ
π
5
r
HlmDC; ðD1Þ
where HlmDC is a function of x and e. The nonzero modes read
H20DC ¼ −
5
14
ﬃﬃﬃ
6
p ðH20Newt þ xH201PN þ x3=2H201.5PN þ x2H202PN þ x5=2H202.5PN þ x3H203PNÞ; ðD2aÞ
H20Newt ¼ 1 −

e
ei

12=19
; ðD2bÞ
H201PN ¼ −
4075
4032
þ 67ν
48
þ

e
ei

12=19

−
2833
3192
þ 197ν
114

þ

e
ei

24=19

145417
76608
−
2849ν
912

; ðD2cÞ
H201.5PN ¼ −
377π
228

e
ei

12=19
þ 377π
228

e
ei

30=19
; ðD2dÞ
H202PN ¼ −
151877213
67060224
−
123815ν
44352
þ 205ν
2
352
þ

e
ei

12=19

358353209
366799104
−
738407ν
727776
−
20597ν2
17328

þ

e
ei

24=19

411966361
122266368
−
825950ν
68229
þ 561253ν
2
51984

þ

e
ei

36=19

−
50392977379
24208740864
þ 764295307ν
48033216
−
11654209ν2
1143648

; ðD2eÞ
H202.5PN ¼ −
253π
336
þ 253πν
84
þ

e
ei

12=19

3763903π
7277760
þ 12788779πν
1819440

þ

e
ei

24=19

54822209π
8733312
−
1074073πν
103968

þ

e
ei

30=19

5340205π
1455552
−
371345πν
51984

þ

e
ei

42=19

−
424020733π
43666560
þ 27049187πν
3638880

; ðD2fÞ
H203PN ¼ −
4397711103307
532580106240
þ

700464542023
13948526592
−
205π2
96

νþ 69527951ν
2
166053888
þ 1321981ν
3
5930496
þ

e
ei

12=19

−
4942027570449143
96592876047360
−
81025π2
103968
þ 3317γE
399
þ

−
10309531979
7466981760
þ 3977π
2
3648

ν
þ 267351733ν
2
82966464
þ 772583ν
3
2222316
þ 12091 ln 2
5985
þ 78003 ln 3
5320
þ 3317 ln x
798

þ 710645π
2
103968

e
ei

30=19
þ

e
ei

24=19

−
31102835980319
14049872879616
þ 279737759653ν
167260391424
þ 26730466283ν
2
1991195136
−
397176241ν3
23704704

þ

e
ei

36=19

−
142763304914707
25758100279296
þ 48901891428821ν
919932152832
−
400181473249ν2
3650524416
þ 2295879173ν
3
43458624

þ

e
ei

48=19

385621605844415513
5740376633671680
−
157405π2
25992
−
3317γE
399
þ

−
49590995147570629
478364719472640
þ 1271π
2
1216

ν
þ 3194536246463ν
2
34514049024
−
1672948713ν3
45653504
−
12091 ln 2
5985
−
78003 ln 3
5320
−
3317 ln x
798
−
6634
2527
ln

e
ei

; ðD2gÞ
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H40DC ¼ −
1
504
ﬃﬃﬃ
2
p ðH40Newt þ xH401PN þ x3=2H401.5PN þ x2H402PN þ x5=2H402.5PN þ x3H403PNÞ; ðD3aÞ
H40Newt ¼ 1 −

e
ei

12=19
; ðD3bÞ
H401PN ¼ −
180101
29568
þ 27227ν
1056
þ

e
ei

12=19

−
2833
3192
þ 197ν
114

þ

e
ei

24=19

3920527
561792
−
183995ν
6688

; ðD3cÞ
H401.5PN ¼ −
377π
228

e
ei

12=19
þ 377π
228

e
ei

30=19
; ðD3dÞ
H402PN ¼
2201411267
158505984
−
34829479ν
432432
þ 844951ν
2
27456
þ

e
ei

12=19

358353209
366799104
−
738407ν
727776
−
20597ν2
17328

þ

e
ei

24=19

11106852991
896620032
−
584029331ν
8005536
þ 36247015ν
2
381216

þ

e
ei

36=19

−
17153749047583
629427262464
þ 24120402175ν
156107952
−
1235668217ν2
9911616

; ðD3eÞ
H402.5PN ¼ −
13565π
1232
þ 13565πν
308
þ

e
ei

12=19

3763903π
7277760
þ 12788779πν
1819440

þ

e
ei

24=19

1478038679π
64044288
−
69366115πν
762432

þ

e
ei

30=19

5340205π
1455552
−
371345πν
51984

þ

e
ei

42=19

−
473166857π
29111040
þ 1255597433πν
26685120

; ðD3fÞ
H403PN ¼
15240463356751
781117489152
þ

−
1029744557245
27897053184
−
205π2
96

ν −
4174614175ν2
36900864
þ 221405645ν
3
11860992
þ

e
ei

12=19

−
4942027570449143
96592876047360
−
81025π2
103968
þ 3317γE
399
þ

−
10309531979
7466981760
þ 3977π
2
3648

ν
þ 267351733ν
2
82966464
þ 772583ν
3
2222316
þ 12091 ln 2
5985
þ 78003 ln 3
5320
þ 3317 ln x
798

þ 710645π
2
103968

e
ei

30=19
þ

e
ei

24=19

−
838550569998089
103032401117184
þ 30467243664175ν
1226576203776
þ 963631094693ν
2
14602097664
−
25650558955ν3
173834496

þ

e
ei

36=19

−
48596571051802639
669710607261696
þ 13219254870469451ν
23918235973632
−
107533340184449ν2
94913634816
þ 243426638749ν
3
376641408

þ

e
ei

48=19

1289915690995598063
11480753267343360
−
157405π2
25992
−
3317γE
399
þ

−
515898615572711953
956729438945280
þ 1271π
2
1216

ν
þ 297870712456705ν
2
253103026176
−
520032054523ν3
1004377088
−
12091 ln 2
5985
−
78003 ln 3
5320
−
3317 ln x
798
−
6634
2527
ln

e
ei

; ðD3gÞ
H60DC ¼
4195
1419264
ﬃﬃﬃﬃﬃﬃﬃ
273
p ðxH601PN þ x2H602PN þ x5=2H602.5PN þ x3H603PNÞ; ðD4aÞ
H601PN ¼ 1 −
3612ν
839
; ðD4bÞ
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H602PN ¼ −
45661561
6342840
þ 101414ν
2517
−
48118ν2
839
þ

e
ei

24=19

−
2833
1596
þ 530740ν
47823
−
237188ν2
15941

þ

e
ei

36=19

1081489489
120513960
−
819202ν
15941
þ 1151430ν
2
15941

; ðD4cÞ
H602.5PN ¼
1248π
839
−
4992πν
839
þ

e
ei

24=19

−
377π
114
þ 226954πν
15941

þ

e
ei

42=19

174031π
95646
−
132106πν
15941

; ðD4dÞ
H603PN ¼
3012132889099
144921208320
−
27653500031ν
191694720
þ 1317967427ν
2
4107744
−
24793657ν3
342312
þ

e
ei

24=19

213887207
183399552
−
7295329871ν
1831812192
−
214435261ν2
21807288
þ 41962109ν
3
1817274

þ

e
ei

36=19

3063859722337
128226853440
−
839669231153ν
4579530480
þ 555765673ν
2
1211516
−
113415855ν3
302879

þ

e
ei

48=19

−
9789584507539
213536964096
þ 206521649193667ν
622816145280
−
380487275717ν2
494298528
þ 17456918535ν
3
41191544

; ðD4eÞ
H80DC ¼ −
75601
213497856
ﬃﬃﬃﬃﬃﬃﬃ
119
p ðx2H802PN þ x3H803PNÞ; ðD5aÞ
H802PN ¼ 1 −
452070ν
75601
þ 733320ν
2
75601
þ

e
ei

36=19

−1þ 452070ν
75601
−
733320ν2
75601

; ðD5bÞ
H803PN ¼ −
265361599
33869248
þ 18177898147ν
321757856
−
722521125ν2
5745676
þ 261283995ν
3
2872838
þ

e
ei

36=19

−
2833
1064
þ 848864713ν
40219732
−
81627030ν2
1436419
þ 72232020ν
3
1436419

þ

e
ei

48=19

50791665
4838464
−
3566973693ν
45965408
þ 1049029245ν
2
5745676
−
405748035ν3
2872838

; ðD5cÞ
H100DC ¼
525221
6452379648
ﬃﬃﬃﬃﬃﬃﬃ
154
p x3

1 −
79841784ν
9979199
þ 198570240ν
2
9979199
−
172307520ν3
9979199
þ

e
ei

48=19

−1þ 79841784ν
9979199
−
198570240ν2
9979199
þ 172307520ν
3
9979199

: ðD6aÞ
APPENDIX E: LIST OF OSCILLATORY MEMORY MODES
Here we list the nonzero oscillatory memory contributions to the hlm modes at 3PN order and to quadratic order in
eccentricity in the following way:
hlmosc ¼
8Gmν
c2R
x
ﬃﬃﬃ
π
5
r
e−imψHlmosc; ðE1Þ
where Hlmosc is a function of x, e, and the modified mean anomaly ξ. To improve readability in the odd-m expressions, we
define Δ ¼ ðm1 −m2Þ=m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 4ν
p
:
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H20osc ¼
ﬃﬃﬃ
6
p
ix5=2eν
7

−16e−iξ þ 16eiξ − 647
36
ee−2iξ þ 647
36
ee2iξ

; ðE2aÞ
H22osc ¼ ix3=2e2νe2iξ

−
13
252
þ

697
336
−
865ν
216

x −
29π
126
x3=2

þ ix
5=2eν
21

19
6
eþ 4
3
e−iξ − 4eiξ þ 65
24
ee−2iξ

; ðE2bÞ
H31osc ¼
ﬃﬃﬃﬃﬃ
14
p
x2νΔ
90

44
3
e2 −
44
3
eeiξ −
44
3
e2e2iξ þ x

−
121
7
−
43
2
ee−iξ −
2987
84
e2e−2iξ
þ eeiξ

19801
264
−
2521ν
231

þ e2e2iξ

7957
88
−
827ν
231

þ e2

−
111821
616
þ 827ν
231

; ðE2cÞ
H33osc ¼
x3νΔ
6
ﬃﬃﬃﬃﬃﬃﬃ
210
p

22
9
þ 19e2 þ 11ee−iξ þ 1
3
eeiξ þ 713
30
e2e−2iξ −
119
6
e2e2iξ

; ðE2dÞ
H40osc ¼
ﬃﬃﬃ
2
p
ix5=2eν
210

−8e−iξ þ 8eiξ − 143
16
ee−2iξ þ 143
16
ee2iξ

; ðE2eÞ
H42osc ¼
ix3=2e2νe2iξ
216
ﬃﬃﬃ
5
p

−
13
14
þ x

7943
56
−
25393ν
66

−
29
7
πx3=2

þ ix
5=2eν
126
ﬃﬃﬃ
5
p

19
12
eþ 2
3
e−iξ − 2eiξ þ 65
48
ee−2iξ

; ðE2fÞ
H44osc ¼
ix5=2ν
6
ﬃﬃﬃﬃﬃ
35
p

2
3
þ 331e
2
240
þ 14
15
ee−iξ þ 2eeiξ þ 1037
720
e2e−2iξ þ 217
48
e2e2iξ

; ðE2gÞ
H51osc ¼
x2νΔ
18
ﬃﬃﬃﬃﬃﬃﬃ
385
p

43e2
12
−
43
12
eeiξ −
43
12
e2e2iξ þ x

−
26
7
−
251
56
ee−iξ −
1199
168
e2e−2iξ
þ eeiξ

8627
156
−
41807ν
312

þ e2e2iξ

785
13
−
5156ν
39

þ e2

−
8321
104
þ 5156ν
39

; ðE2hÞ
H53osc ¼
x3νΔ
2
ﬃﬃﬃﬃﬃﬃﬃ
330
p

−
2
189
þ 27e
2
112
þ 41
336
ee−iξ −
67
504
eeiξ þ 1531e
2e−2iξ
5040
−
47
72
e2e2iξ

; ðE2iÞ
H55osc ¼
x3νΔ
14
ﬃﬃﬃﬃﬃ
66
p

18
5
þ 8909e
2
720
þ 457
72
ee−iξ þ 197
16
eeiξ þ 787
72
e2e−2iξ þ 4369
144
e2e2iξ

; ðE2jÞ
H62osc ¼
ix5=2e2νe2iξ
352
ﬃﬃﬃﬃﬃ
65
p

2783
168
− 53ν

; ðE2kÞ
H71osc ¼
5x3νeΔ
30888
ﬃﬃﬃ
2
p

eiξ

5023
168
− 97ν

þ ee2iξ

5023
168
− 97ν

þ e

−
5023
168
þ 97ν

: ðE2lÞ
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